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0. INTRODUCTION 
Let G be a locally compact abelian group with character group r. 
If f belongs to L*(G), Z(f) = {y E r 1 .f(r) = 01, and supp f is the 
closure of the complement of Z(f ). If I is an ideal in Ll(G), the zero-set 
of 1 = Z(I) = n (Z(f) / f E I>. If E is a closed subset of r, the ideal 
h(E) = if E -WG) I E C z(f >> is the largest ideal with zero-set E. 
The smallest ideal with zero-set E is j(E) = {f E L1(G)I supp f is 
compact and disjoint from E}. If K(E) = j(E), there is only one closed 
ideal with zero-set E, and E is said to be a set of spectral synthesis 
(more briefly-spectral set, or an S-set). If each f in k(E) belongs to 
the idealf *j(E), E is said to be a Calderon set (or a C-set) [I; 4, p. 169; 
2, p. 227 (&S-set)]. Th e usual [4, p. 160; or 3, p. 1511 statement of 
the gilov-Wiener Tauberian Theorem is: Suppose f s Ll(G), I is a 
closed ideal in L1(G), and Z(I) C Z(f ). If the intersection of the 
boundaries of Z(I) and Z(f) contains no (compact, non-empty) 
perfect set (i.e. the intersection is scattered, or clairseme’), then 
f E I. In the next section it is shown that every closed scattered 
subset of r is a Calderon set. The main result of this paper is to 
show that a valid generalization of “scattered intersection” is that the 
intersection should be a Calderon set (which need not be scattered). 
It is also proved that the only sets known to be spectral sets by 
application of this theorem are actually Calderon sets. For all 
undefined terms the reader is referred to Rudin’s text [JJ. 
1. SCATTERED CLOSED SETS ARE CALDER~N SETS 
1.1 LEMMA. Let E be a closed subset of I’. If f belongs to j(E) 
locally at y, then f belongs to f *j(E) locally at y, 
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Proof. Since f belongs to j(E) locally at y, there exists a neighbor- 
hood Vof y, and a u in j(E) such that / = G on V. Supp u is compact 
and disjoint from E, so there is a z’ inj(E) such that 6 = 1 on supp U, 
and therefore 6 = a6 on V. Hence .f = C = ii6 = f$ on r7-i.e. 
f belongs locally to f *j(E) at y. 
1.2 THEOREM. IfE is a closed scattered subset of r, then E is a 
Calderdn set. 
Proof. Let f belong to k(E). Then f belongs to j(E) locally at each 
y except for y in bdry Z(f) A bdry E. By the above lemma, this 
means that f belongs locally to f *j(E) except on bdry Z(f) n bdry E. 
However, the set of points for which f does not belong locally to the 
closed ideal f * j(E) is closed, has no isolated point, and is included 
in the scattered set bdry Z(f) n bdry E; hence it is empty. Therefore 
f belongs to f * j(E). 
2. THE SILOV-WIENER TAUBERIAN THEOREM 
The difficulty of this theorem now resides in the important result 
that a function in L1(G) belongs to an ideal I in L1(G) if it belongs to 
I locally on r and at the point at infinity [4, p. 1341. In the course of 
the proof it is shown that the only closed sets known to be spectral 
sets by the application of thisTauberian theorem are actually Calder6n 
sets. 
2.1 THEOREM. Let E be a closed subset of I’, and suppose that for 
each f in k(E), the intersection of the boundaries of Z(f) and E is a 
Calderdn set, Then E is a Calderdn set. 
Proof. Let f in k(E) and E > 0 be given. Then 
bdry E n bdry Z(f) = d(f) 
is a C-set, so there is a u in j(d(f)) such that 11 f - u *f ]I1 < E. 
Since E n suppf n supp II = O(f) n supp u = O, there exists a 
v in j(E) such that 6 = 1 on supp f n supp u (compact). Hence 
A 
u*f=~~~~,sothatIlf--c*ufIl,<~andorubelongstoj(E). 
2.2 SILOV-WIENER TAUBERIAN THEOREM. SupposefELl( I is 
a closed ideal in Ll(G), and Z(I) _C Z(f ). If the intersection of the 
boundaries of Z(I) and Z(f) is a Calderdn set then f belongs to I. 
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Proof. If E > 0 is given, then since f = 0 on d(f), there is a 
II in j&l(f)) such that \lf - u *f\ll < E. The function u *f belongs 
to I locally at every point in r and at the point at infinity, so u t f 
belongs to I. This implies thatf belongs to I, since I is closed. 
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